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Forced Benjamin-Ono equation and its application to soliton dynamics
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The propagation of long interfacial waves of finite amplitude is investigated in a two-layer fluid system
where a layer of a light fluid overlies a layer of heavier fluid resting on an uneven bottom. The upstream
condition is imposed such that the constant flow is in the same direction in both layers. Under the ap-
propriate balance among nonlinearity, disperison, and topographic effect, the long-term evolution of the
interfacial elevation is shown to be governed by a forced Benjamin-Ono (fBO) equation. A direct soliton
perturbation theory is applied to the fBO equation to study the interaction of an algebraic soliton with a
bottom topography when the Froude number is nearly equal to unity. A system of ordinary differential
equations describing the change of the amplitude and position of the soliton is derived for a simple bot-
tom profile. The solutions of these equations exhibit a variety of phenomena, such as the capture and
repulsion of the soliton by topography and the occurrence of solitonlike phase shifts due to the interac-
tion of the soliton with topography. We also examine the effect of small dissipation on the dynamics of
the soliton. Special emphasis is given to the appearance of a branch of stationary states of the soliton
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which has not previously been observed in the absence of dissipation.

PACS number(s): 68.10. —m, 03.40.Kf, 03.40.Gc, 02.90.+p

I. INTRODUCTION

There has been much interest in studying the effect of
external forces on the propagation of nonlinear waves. In
the context of fluid dynamics, the forcing is mainly due to
a moving pressure distribution and/or a bottom topogra-
phy. Many authors have been concerned with a variety
of phenomena arising from the forced systems such as the
generation of solitary waves by a moving pressure force
[1-4], or by uniform flow over a localized bottom topog-
raphy [5-7]. These problems have been elucidated exten-
sively from both analytical and numerical points of view
on the basis of the Korteweg—de Vries (KdV) equation
with forcing terms which is called the force KdV (fKdV)
equation. It is now well known that the fKdV equation is
derived from the underlying system of equations on the
assumptions of shallow water and weak nonlinearity to-
gether with weak topographic effect. At this stage, a nat-
ural question arises: what kind of nonlinear evolution
equations are obtained when we introduce deep-water ap-
proximation in place of shallow-water approximation.
This is the motivation for the present study.

To answer this question, we shall consider a simple
two-layer fluid system where a layer of light fluid overlies
a layer of heavier one resting on an uneven bottom. The
depth of the upper layer is taken to be infinite, corre-
sponding to a deep-water approximation. The upstream
condition is imposed such that the constant flow is in the
same direction in both layers. We consider the two-
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dimensional irrotational flow of an incompressible and
inviscid fluid. Applying to this system a singular pertur-
bation method [8-10] developed recently, we show that
the long-term evolution of the interfacial elevation is
governed by a forced Benjamin-Ono (fBO) equation. In
the present case, the forcing term comes from an uneven
bottom topography. We assume that the effect of topog-
raphy is weak so that it can be regarded as a small pertur-
bation to the BO equation. It is noteworthy that a fKdV
equation is derived similarly from the same system if we
make the assumption of shallow water in the upper layer
[71.

While a number of problems to be resolved by the fBO
equation are at hand, we shall be concerned here with an
analytical study of the interaction process of an algebraic
soliton with the bottom topography. For the purpose, we
employ a direct soliton perturbation theory [11,12]
developed quite recently to examine the dynamics of in-
teracting algebraic solitons under small dispersive or dis-
sipative perturbations. The present analysis predicts phe-
nomena such as the capture and repulsion of a soliton by
topography and the occurrence of solitonlike phase
shifts. We also discuss the effect of small dissipation on
the propagation of the soliton. Although similar prob-
lems have been studied extensively using fKdV equations
with various types of forcing terms [13-16], the analysis
based on a fBO equation has not been performed as yet.

In Sec. II, we first derive a finite-depth analog of the
fBO equation starting from the basic system of hydro-
dynamic equations. The fBO equation is then obtained
simply by taking the depth of the upper layer to be
infinite. In Sec. III, the interaction of an algebraic soliton
with topography is investigated on the basis of the fBO
equation. We focus our attention on the situation when
the Froude number is nearly equal to unity. In this prob-
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lem, the forcing term is regarded as a small perturbation
to the BO equation so that the amplitude and initial posi-
tion of the soliton are no more constant and become
slowly varying functions of time. A system of ordinary
differential equations describing the change of these soli-
ton parameters is derived by using the soliton perturba-
tion theory. For a simple bottom profile, the system is
shown to be completely integrable. The analytical solu-
tions thus obtained are investigated in detail in phase
plane to show that they exhibit the interesting phenome-
na already mentioned above. Also, we briefly discuss the
effect of small dissipation on the dynamics of the soliton.
To simplify the analysis, we add the Burgers term to the
fBO equation, which is proportional to the second deriva-
tive of the wave profile. It is found that the characteris-
tics of the stationary states of the soliton are changed
drastically owing to the dissipation. Section IV is devot-
ed to a summary and outlook.

II. DERIVATION OF THE FORCED
BENJAMIN-ONO EQUATION

A. Basic hydrodynamic equations

In this section, we shall derive the fBO equation start-
ing from the hydrodynamic equations subject to ap-
propriate boundary conditions. The configurations of the
two-layer fluid system under consideration is shown in
Fig. 1.

All the physical quantities are written in terms of the
dimensionless variables. The dimensional quantities,
with tildes, are related to the corresponding dimension-
less ones by the relations

5C'=lx, f=h1y, ?=(1/C0)t, $]=(gla/00)¢] (]:1’2) ’

fi=anw, h=hh, (2.1
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FIG. 1. Configuration of a two-layer fluid system.
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and the dimensionless parameters are defined by

h.
_a _a,._ _o
6_7> a"_Z(J_l’Z), 81—_1— (]_112) ’
€o P2

where /, a, and ¢, are characteristic scales of length, am-
plitude, and velocity of the wave, and 4, is the thickness
of the upper layer. The parameters a; and §; measure
the magnitude of nonlinearity and dispersion of the wave,
respectively, and €(=q;8;) is the steepness parameter.
We assume that €,a j( Jj=1,2) and 8, are small compared
to unity while 8, is very large, which is equivalent to in-
troducing shallow-water approximation in the lower fluid
and deep-water approximation in the upper fluid in addi-
tion to weak nonlinearity of the wave. The lower bound-
ary is represented by the equation

8,
y=—h(x)=—8—[1—ya§B(x)] , (2.3)
1

where B (x) characterizes the unevenness of the bottom
topography and v is a positive constant. In what follows,
we assume that its profile is sufficiently smooth and local-
ized and hence it vanishes at infinity. When |x|— oo, h
tends to 8,/8,, implying that h, is the thickness of the
lower layer at infinity because it has been scaled by the
thickness of the upper layer #,. The coefficient y a2 mea-
sures the magnitude of B(x). While this can be taken to
be arbitrary, we must impose for it appropriate smallness
to lead correctly to the fBO equation, as will be shown
below. The basic flow is specified at x = — o and it is as-
sumed to be in the positive x direction with a constant
velocity U in both layers. The external force is only due
to the gravitational acceleration g and the effect of sur-
face tension is neglected. A characteristic velocity of the
linear wave is given by ¢, =V'gl /k where k is a parameter
depending on A and §;(j=1,2) . Here A is the density
ratio which is assumed to be less than unity to assure a
stable equilibrium state of fluids. The Froude number F
is a very important parameter characterizing the proper-
ty of the flow. Its magnitude will be specified in the
analysis developed in Sec. III.

Now, the dimensionless governing equations for invis-
cid incompressible and irrotational flow can be written as
follows.

(i) Continuity equations.

8f¢1’m+¢1’yy=0 (—ow<x<ow,am<y<l), (2.4a)

8%¢2,xx+¢2’yy=0 (—oo<x<o,—h(x)<y<am).

(2.4b)
(i) Kinematic boundary conditions at the fluid inter-
face.

K
nz+an+Ke¢l,xnx=E¢1,y y=am), (2.5a)

0, +Fn, Hedy 11y =8i1¢2,y (y=am) . (2.5b)
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(iii) Dynamic boundary conditions at the fluid inter-
face.
2

F
Aldy,t 82 +¢1 x +¢%,y "*‘7]_770
F 2
= 2 2
_¢2,t 282 8 € +¢2,x ‘ +¢2,y }
+n—ny (y=am). (2.6)
(iv) Upper and lower boundary conditions.
$,,,=0 (y=1), (2.7a)
b2,y =8 +¢2x ]hx [y=—h(x)]. (2.7b)
Here, ¢,=¢(x,y,t) and ¢,=¢,(x,y,t) are the velocity

potentials for the upper and lower fluids, respectively,
about the perturbations of the upstream constant flow,
n=m(x,t) is the interfacial elevation, and 7, is a constant
determined by the undisturbed uniform state at infinity.
The subscripts ¢, x, and y appended to ¢, 5, and 4 denote
partial differentiations. This notation is used throughout
the paper.

B. Solutions for the velocity potentials

The solutions of the Laplace equations (2.4) for the ve-
locity potentials that satisfy the boundary conditions (2.7)
are constructed by following the procedure developed re-
cently [8-10]. For the upper fluid, it can be written in a
closed form as

¢1(x,y,t)=—i[f1+(x+i81y,t)~—f1_(x—i51y,t)] ’

(2.8a)

with the complex functions f7 given by

+ _ 1 °° _
fi (z,t)—j:TSIPf_wcoth[ﬂ'(y 2)/28,1f1(»,t)dy ,

(2.8b)

where f is a real function defined appropriately on the
real axis and the symbol P denotes the Cauchy principal
value integral.

For the lower fluid, on the other hand, the solution is
expressed in a form of infinite series as

2 [y +h(x) ]"¢(") (x,t), (2.9a)

n=0

¢2(X,y,

where the functions d)(z")(n =0,1,...) are determined by

the recurrence formula
8i[(n +Dhy ¢ TV +(n +1)(n +2)h2¢5 2
+2(n + D¢V + ¢85, ]
+(n +1)(n+2)¢5" TP=0
(n=0,1,...), (2.9b)

subject to the boundary condition (2.7b). This can be
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solved easily and the first two are written in the form

52 +¢(0)
2 1+a§h,§ ’ e
s 82 90+ 00 0,100
2 2(1+8%h2) ' |

Here ¢ is an unknown function to be determined later.

C. Perturbation analysis

To perform the perturbation analysis, we must specify
the magnitude of the parameters a; and §;. We assume
the weak nonlinearity of the wave, i.e., a ;<<1(j=1,2)
as well as the shallow-water approximation for the lower
layer, i.e., §, << 1. For the upper layer, however, we ten-
tatively suppose 8, =0(1) for the sake of generality. Fur-
thermore, it is necessary to balance the magnitude of
nonlinearity, dispersion, and topography appropriately to
obtain forced soliton equations. In the present case, this
can be accomplished by introducing the scalings
a,=0(8,)and y=0(1).

These assumptions enable us to expand all the physical
quantities in powers of the small parameters a, and 3,.
In particular, the derivatives of the velocity potentials are
easily evaluated at the fluid interface. To that end, it is
convenient to introduce the horizontal components of the
interfacial velocities by

uj=<;5j,,c|y=a177 (j=1,2). (2.11)
In addition, we take k=[(1—A )52]_1 to normalize the
phase velocity of the linear wave to unity, since the linear
dispersion relation relevant to the present problem is
given by w?*=x(1—A)8,k% If we retain the first two
terms of the expansions, we obtain for the upper fluid

¢1,y|y=a11]=—81[T1u1+e{nu1,x+T1(nT1ul,x)}
+0(e)], (2.12a)
(¢l,t|y=al‘r])x=ul,t+e(ntT1u1,x_nleul,t)+O(62)
(2.12b)
where T, is an integral operator defined by
T\ f(x, z)-——za—lp - smh[1rf()j’—tx))/281]dy . @.12¢)

For the lower fluid, on the other hand, the corresponding
expressions take the form

¢2,y |y=a1n: _8182[u2,x +a2{77u2,x _'}’( 1 _A)FBX ]
+0(a3)], (2.13a)
(2,6 ly=ayn)x =t2, +0(a3) . (2.13b)

Finally, substituting (2.12) and (2.13) into (2.5) and (2.6)
and neglecting the terms of the order of (a3,a,8,,83), we
obtain a closed system of equations for 7, ©,, and u,. We
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quote only the final result:

N+ Fn,+(1—A) "'y  +(1—A) ay(nu,),

=ya,FB, , (2.14)
g T 2
1T T A, T (1—A)
X[(uyn),+T(nTyu;,)]=0, (2.15)
2
A u1,t+Fu1’x+1]x+—(—'T)[u1+(T1u1) ]x
=uy,+Fu,  +0, (=8 lauyu, . (2.16)

J

Nee _( 1 _Fz)nxx +2F7’xt _A82T1 Mxxx +az["7t577:

where the integral operators T'; and S are defined by

Tu(x,0)=T1'u(x,1)

25,Pf coth[m(y —x)/28,lu(y,t)dy ,
(2.17b)

Su(x,t)=feo sgn(y —x)u(y,t)dy , (2.17¢)
While Eq. (2.17) describes interfacial waves propagating
to both right and left directions, we can separate it into
two equations, each describing a unidirectional motion.
Following the standard procedure [17], we find the evolu-
tion equations

3a, A3, ya,F?
7]!+(F_1)77x__2_7777x 2 Tlnxx 2 Bx ’
(2.18)
3a, AS, ya,F?
nt+(F+l)nx+—nnx+_T1nxx=_ Bx .
2 2 2
(2.19)

In the absence of the forcing term, the above equations
reduce to the intermediate long wave (ILW) Egs.
[10,18-20]. Therefore, they may be termed the force
ILW equations. The fBO equations are simply obtained
from (2.18) and (2.19) by taking the deep-water limit
8,— oo. Since in this limit the operator T'; reduces to the
following Hilbert transform,

= up,t) g
Hu(x,t)=— , 2.20
u(x,t)= f wy—x dy (2.20)
Eqgs. (2.18) and (2.19) become
3a2 Aaz ')/a2F2
77:+(F U”Ix_‘z—ﬂ"lx _2_H7’xx: ) x
(2.21)
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In the above equations, the forcing term appears only on
the right-hand side of (2.14) because of the present scal-
ing hypothesis. Although these equations incorporate
the lowest-order effect of nonlinearity and dispersion, we
can proceed to include higher-order terms in the pertur-
bation analysis. However, the resulting equations be-
come too complicated to extract useful information
within the framework of analytical treatment. Neverthe-
less, it is nothing to say that higher-order equations are
necessary, particularly in dealing with large amplitudes
waves.

It is also possible to derive a single equation for 7.
This can be performed by eliminating #; and u, from
(2.14)—(2.16). In the same approximation used above, the
final equation thus obtained can be written as follows:

—(14+2F*yn, —2Fnm,+Fn, S, ], =ya,F’B,, , (2.17a)
[
3a, AS, _ YaF?
N HEF+ D +— nﬂx+Tanx 5 Bx -
(2.22)

It is obvious that Eq. (2.22) describes unidirectional
motion of the wave moving to the right. However, the
situation is quite different for Eq. (2.21). In fact, the
direction of propagation will change according to the
magnitude of F as well as the amplitude of the wave.
Furthermore, the forcing term may affect the propaga-
tion characteristics even if it is small when compared to
other terms. In view of this observation, Eq. (2.21) is
supposed to have a richer structure than Eq. (2.22) has in
describing underlying physical phenomena. This is one
reason why we use Eq. (2.21) extensively in the next sec-
tion.

III. INTERACTION OF AN ALGEBRAIC
SOLITON WITH TOPOGRAPHY

A. Statement of the problem

While the fBO equation (2.21) has wide applications in
real physical phenomena, we shall study the interaction
of an algebraic soliton with topography in the presence of
nearly critical flow, namely,

F=1+a,T, 3.1)

where I is a parameter which measures the departure of
the Froude number from unity. Furthermore, we assume
that the effect of topography is weak in comparison with
other terms. More specifically, we introduce the scaling
a, <<y <<1. Under these conditions, the second to
fourth terms on the left-hand side of Eq. (2.21) enter at
the same order, whereas the forcing term becomes higher
order and hence it can be treated as a small perturbation
to the BO equation. It should be noted that inequality
a, <<y ensures that the forcing term is still larger than
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neglected terms of order (a3,a,8,,63) in deriving Eq.
(2.21), which is consistent with the perturbation analysis
developed in Sec. II.

To take the analysis further, it is convenient to rescale
the variables according to t—(A8,/a3)t,x
—(8,/a,)x,m—(8/3)u and B—(16/3F%)B. Then, Eq.
(2.21) takes the following form:

u,+T'u, —4uu, —Hu,, =vB, , (3.2)

It is well known that if the forcing term is absent, Eq.
(3.2) exhibits soliton solutions of algebraic type [21-23].
The main concern here is to investigate the effect of a
small perturbation that originates from localized topogra-
phy on the dynamics of an algebraic soliton. For this
purpose, we shall consider a symmetric isolated bottom
topography of the form

Ab
(bx)2+1’

where b ! is a typical length scale of topography and A
characterizes the nature of forcing. Although the func-
tional form of B adopted here is rather specific, an advan-
tage is that the resulting motion of a soliton is described
by an integrable Hamiltonian system, as will be seen
below. The problem under consideration can now be
dealt with by means of the soliton perturbation theory,
which we shall describe briefly.

B(x)= (A==1), (3.3)

B. Soliton perturbation theory

A direct multisoliton perturbation theory for the BO
equation has been developed quite recently using multiple
time scale expansion [11,12]. We shall summarize the
main ingredient of the theory.

We write the perturbed BO equation in the form

u, t+4uu, +Hu,, =eR[u], (3.4)

where €R[u] represents a perturbation. We first intro-
duce the different time scales ¢; by t;=€/t(j=0,1,...) so
that the time derivative is replaced by the relation
d/0t =2]‘?°=06j8 /8t;. If we expand u into an asymptotic
series of the form u =3 o€'u;, u;=u;(x,tg,t;,...),
substitute these expressions into (3.4), and equate the
coefficient of like powers of €, we obtain the hierarchy of
equations for u i the first two members of which read in
the form

uO,t0+4u0u0,x +Hu0,xx =0, (3.5)

ul,,o +4(uou1)x +Hu1,xx:R[u0]_u0’t1 . (3.6)
Equation (3.5) is just the BO equation. We solve the
above system of equations successively starting with a
specific solution of Eq. (3.5). Since we are interested in
the soliton problem, we take the N-soliton solution which
includes the N amplitude parameters a; and the N posi-
tion parameters £;(j=1,2,...). In the absence of the per-
turbation, a ; are constant independent of ¢, and
§j=a;tyt§jo with £, being the initial position of the jth
soliton. Under the action of the perturbation, these pa-

6337

rameters would be modulated slowly on the time scale
of order €”!, so we may assume their time depen-
dence as a;=a;(t),t;,...) and §&;p=E&;o(t),2p,...),
(j=12,...,N).

The time evolution of a; and §j, is determined by re-
quiring that the correction term u; be no more singular
than the leading-order solution u,. This turns out to be
equivalent to imposing the following compatability condi-
tions:

(g, R[uol—uo,, )Ef_";gj(R[u(,]—uo,,1 )dx =0,
(Gj=1,2,...).

Here g; are solutions of the adjoint equation for the
homogeneous part of (3.6),

3.7

gj’,0+4u0gj’x +Hg; .. =0, (j=1,2,...). (3.8)

The 2N independent bounded solutions for (3.8) are found
to be as

(3.9a)

.LN). (3.9b)

The final step of our perturbation scheme is to calculate
the inner products in (3.7) with the aid of certain ortho-
gonality relations which hold between g; and du,/dp;
where p; stands for a; or §;, while noting the relation
Uo,r, =2§V=1(aj,,lu0,aj +&jo,1,%o,e,,)- These orthogonality
relations are derived directly from (3.5) and (3.9) and they
are expressed as (g:>up, £ )=—(g; + N Yo, )
=(1r/4)8,-j,(g,-+N,u0,§jo) = (gn"o,aj )=0(i,j = 1,2,...,N)
where §;; is Kronecker’s delta. The evolution equations
for the soliton parameters thus obtained are written in
terms of the original time variables as follows:

da; 4e L
_d_t]—_——;—(gj+N,R[u0]) (j=1,2,...,N), (3.10a)
dgj . 4e ,

—Et—'-—-aj‘F—'ﬂ_—(gj,R [ug]D) (i=L12,...,N), (3.10b)

where the position parameter §; of the jth soliton has
been used instead of £;, for practical convenience. It
should be emphasized that for the purpose of calculating
the inner products in (3.10) we only need the information
of the N-soliton solution which can usually be obtained
without recourse to the inverse scattering transform
method [21-23]. In this respect, it is worth remarking
that the soliton perturbation theory based on the inverse
scattering transform method has not been applied as yet
to a certain class of integrodifferential evolution equa-
tions such as the BO and ILW equations.

C. Perturbation equations for soliton parameters

Now let us derive the perturbation equations for the
soliton parameters on the basis of Eq. (3.10). In the
present one-soliton problem, one can take an algebraic
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soliton

- a
a¥(x—E&)32+1
as a lowest-order solution of Eq. (3.2) where a and § are
the amplitude and position of the soliton, respectively.

Under the action of small perturbation, @ and £ evolve
according to the equations

U= ’ (3.11)

da __% (. B,), (3.12a)
dt

4 g+ Mg, B, (3.12b)
dt T

where

_px Oug x—&

g=[ S dx= o (3.132)
_rx dug _ a

=" e X=" (3.13b)

(x—€P+1
It is pointed out that the amplitude Eq. (3.12a) coincides
with the equation derived from the energy balance equa-
tion d(u,u)/dt =2y (u,B, ) with u given by (3.11). How-
ever, the mass balance equation d(1,u)/dt=y(1,B,)=0
gives rise to a trivial result 0=0, since f ® Judx =1 in
the leading order of the expansion. As for the latter
equation, the situation is quite different from the corre-
sponding one for the fKdV equation where the integral
f ® LUodx depends on a soliton amplitude.

The inner products in (3.12) are now evaluated by us-
ing the formulas
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é—Z_

Ly
a

SN

48 g+ My
dt a?

57 - (3.15b)

1
2+ 2
5 b

In the absence of the perturbation, i.e., ¥ =0, a remains
its initial value while £=(I" —a )t + £, with &, being the
initial position. Furthermore, if we introduce a new
dependent variable 6 by 6=(1/2+1/b)" !&£, we can
transform Egs. (3.15) into the more transparent forms as

da _ 8Ay 6
dr [ @+ G160
PR
49 _ T-a 4y 1 (3.16b)
a 1.1 [y 02 +1
a b |7y

Remarkably, we find that the above system of equa-
tions is completely integrable. To show this, we define a
new variable 4 by A =a/b+Ina and a Hamiltonian H
given by

2
H=H(A4,0)=Ta—% ——L_47 [, 4.
2 1,1 6°+1
_+_
a b

(3.17)

Note that a is a single-valued function of 4. Then, Egs.
(3.16) are seen to be equivalent to Hamilton’s equations

fw X dx
[a%(x—E)P2+1](b2x2+1)?
1,1
. a b ]
=— 5 » (3.14a)
ab §2+ 1
b
fm x? dx
—o [aX(x —£)+1](b%x2+1)?
1 §2 _l_+_l_
- a b
773 . (3.14b)

T

After some algebra, we obtain the final evolution equa-
tions for the soliton parameters @ and £ as follows:

da _

dt 1 1 2
e

(3.15a)

dA __dH
g 20’ (3.18a)
dé _ oH

a4 (3.18b)

Since the Hamiltonian (3.17) does not depend on time ex-
plicitly, it becomes a constant of motion. For later use,
we write it in the form

[(a—T)2+p] 1+% =—9—§%, (3.19)

where p is an integration constant which can be deter-
mined by the initial conditions for ¢ and 6.

Last, we shall comment on an analogous work based
on a fKdV equation. Using a second-order perturbation
theory, Grimshaw, Pelinovsky, and Tian [16] obtained
the equations for the amplitude and position of a soliton
that correspond to Egs. (3.15), where they introduced a
simple sech-type forcing. However, they restricted their
analysis to the two extreme cases when the external force
has a length scale much greater than the soliton (broad
forcing) and when it is much less (narrow forcing). They
found that the second-order perturbation equations turn
out to be integrable only for the broad forcing where the
soliton behaves like a delta function. On the other hand,
the present second-order equations (3.15) are seen to be
integrable for both limits, since the broad (narrow) forc-
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ing corresponds to the limit 5 —0 (b — o). It should be
remarked, however, that the integrability of forced soli-
ton equations depends critically on forcing terms. A
choice of forcing function different from that used here
may lead to a nonintegrable system of equations for the
soliton parameters. Nevertheless, the analysis developed
below is highly suggestive of the dynamics of an algebraic
soliton under the action of a wide class of forcing func-
tions with similar profiles.

D. Properties of solutions

1. Stationary solutions and their linear stability

Before discussing the properties of solutions that
evolve from various initial conditions, we look for sta-
tionary solutions of Eqgs. (3.15) and consider their stabili-
ty characteristics. In the following analysis, we put b =1
without loss of generality. If we denote the stationary
solutions by a; and §;, we immediately find from the
equations da, /dt =d & /dt =0 that these are determined
by the relations

P—gq=—M
* (ag+1)?

£,=0.

Figure 2 is a plot of the stationary amplitude a; as a func-
tion of the parameter I" for y =0.05 and A==1.

In the case of A= —1, we can see that for any value of
I' within the range I' > —4y, there exists one stationary
amplitude. On the other hand, in the case of A=+1,
there exists one stationary amplitude only if I' >4y. To
discuss the linear stability of the solution (3.20), we
linearize Egs. (3.15) around the solution stationary solu-
tion as

(3.20a)

(3.20b)

a=a,+a, (3.21a)
1.00
0.75fF
20,50k
0.25f
%3 1.5

FIG. 2. Plot of the stationary amplitude a; as a function of
r.
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E=¢,+E. (3.21b)

Then we obtain a system of linearized equations for @ and

S
da __ 8MyaE

=T 322
dt (a;+1)3 B-222)
a1l (3.220)
dt (a,+1)

Elimination of the variable E from the above system of
equations yields a second-order differential equation for @
8Ay
(a,+1)}

d%a _ 8\ya}
dt>  (a,+1)

a. (3.23)

Since a;, >0 and 0<y <<1, the coefficient of @ on the
right-hand side of (3.23) becomes negative (positive) for

=—1(A=+1). Substituting the solution of the form
@ xexp(ot) and examining the sign of the eigenvalue o,
we find that the solution corresponding to
A=—1(A=++1) is stable (unstable) against infinitesimal
perturbations. In the case of A=—1, the stable points
represent centers, since the corresponding eigenvalues are
pure imaginary, while for A=+ 1 the unstable points are
seen to be unstable nodes with one of the two eigenvalues
being real and positive.

As an important remark, we point out that Eq. (3.2) ex-
hibits an exact stationary solution for a special value of
I'. Indeed, careful investigation of the stationary form of
Eq. (3.2) shows that an exact solution that satisfies the

boundary condition u—0 as |x|— o exists when
I'=1+Ay. Explicitly, it reads in the form
uy=—1— (3.24)
fox241 '

It turns out that this solution corresponds to the station-
ary solutions a; =1 and £, =0 of Eq. (3.15) as seen from
(3.20).

2. Analysis of solutions in phase plane

Let us now investigate the properties of the general
solution. As already demonstrated, the system of Egs.
(3.16) exhibits a first integral given by (3.19). Using this
fact, the explicit time dependence of the variables a and &
can be obtained in principle by integrating the equations
of the form da /dt=f(a) and d&/dt =g(&) where f and
g are known functions. These integrals are, however,
found to be difficult to perform analytically. Here we
shall analyze the solutions in phase plane (a,8) for the
following four different combinations of the parameters A
and I'.

(a) A=—1, I'>—4y. This case represent a bottom
topography which is concave downward. Figure 3 shows
a typical phase portrait of the soliton (3.19) for various
values of the constant p where the parameters I and y
have been chosen as 1.0 and 0.05, respectively. The ar-
row in each trajectory indicates the direction of the
motion of a soliton. Note in this case that there exists
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FIG. 3. Phase portrait of the solution (3.19) with A=—1,
I'=1.0, and ¥ =0.05 for various values of p.

only one linearly stable stationary amplitude for a given
T as seen from Fig. 2.

If the initial amplitude of the soliton is either much
larger or much less than unity, the soliton interacts with
the bottom topography whereby it suffers a small change
of the amplitude near the origin 6=0. After passing
through topography, the soliton gradually recovers its in-
itial amplitude. The orbit of the solution is then de-
scribed by the equation

0.4
6>+1
in the present example, where a ., is the amplitude of the
soliton when 6—t+o0. While there is no net change in

the amplitude after interaction, the soliton exhibits a
phase shift which may be given by the relation

Ae= | _’:

where a, is the initial amplitude of the soliton. The
second term I'—a, in the brackets represents the soliton
velocity in the absence of the interaction and hence (3.26)
yields a net phase shift due to the interaction. Substitut-
ing (3.15b) into (3.26), we can write it in the form

(a—a Na+a,—2)(i+1)=

’ (3.25)

48 (F—ap)

, 3.26
7 dt ( )

£—
4A\y

a? 1
l§2+ k;+1

1 2
—+1]
a

7 |dt . (3.27)

A§=f_°°°° a—agy+ >

If we use (3.15a) and (3.19), we can transform (3.27) into
an integral with respect to a. The resulting expression is,
however, too complicated to calculate analytically. In-
stead of performing numerical integration, we shall
evaluate (3.27) by a successive approximation. We readi-
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ly find from (3.15) that in the approximation up to order
Y

—al—+1
a=ao+ 2L : S04,
 [(T—ag)t+&P+ [—1—+1
Q
(3.28a)
E=(T—ay)t+&+0(y), (3.28b)

where £ is the initial position of the soliton. Introducing
(3.28) into (3.27) and performing the integral with respect
to t, we obtain the expression of A& correct up to order y
as

AE=

AT en(T—a,) . (3.29)

T (=g, )

Note that this quantity is proportional to the cross-
sectional area of the bottom topography because
f ? oB(x)dx =\ from (3.3). The phase shift of the soli-
ton predicted by (3.29) is quite interesting, since algebraic
solitons usually exhibit no phase shift after their col-
lisions [21-23].

Figure 3 also indicates another fascinating aspect of
the solutions. To be more specific, if the soliton enters
from the right with an amplitude a bit larger than unity,
it interacts with topography and then propagates to the
left direction while decreasing its amplitude. After a
lapse of time, the soliton changes its direction and goes
back to the right. The motion is repeated in the same
way. One observes that the orbit of the soliton becomes
periodic around a stationary state a,=1.048 and £,=0
which turns out to be a center in the present example.
This phenomenon implies that the soliton has been cap-
tured by topography while oscillating around the station-
ary state indicated above. We find from (3.19) that the
capture occurs inside the orbit,

0.4
*+1
Note that Eq. (3.30) represents two curves coalescing at
6=1 0, since it always possesses two positive amplitude
solutions for a given 6.

(b) A=—1, T <—4y. Different from case (a), there
exist no stationary amplitudes in the parameter range
I' > —4y. The figure corresponding to Fig. 3 is drawn in
Fig. 4, where the parameters are given by '=—1.0 and
v=0.05.

This case is not so interesting, because solitons propa-
gate to the left irrespective of their initial amplitudes and
positions. In fact, one can see that the velocity of the sol-
iton given by (3.15b) always become negative provided
that ¥ <<1. The only effect due to the interaction with
topography is a phase shift given by (3.29).

(¢c) A=+1, T >4y. This corresponds to a bottom to-
pography which is convex upward. In the parameter
range I' >4y, there is only one linearly unstable station-
ary amplitude. A typical phase portrait is depicted in
Fig. 5 for various values of p where we have put '=1.0

(@a—1)2(1+1)= (3.30)
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6
FIG. 4. Asin Fig. 3 except '=—1.0.
and y =0.05.

As seen from the figure, solitons with larger or smaller
amplitudes compared to unity pass through topography
while suffering small phase shifts. On the other hand,
solitons with amplitudes a bit larger than unity gradually
decrease their amplitudes in the course of the propaga-
tion to the left direction and eventually they are repelled
by topography so that they propagate back to the right
with amplitudes smaller than unity. The two types of the
propagation characteristics of the solutions described
above are separated by the orbit

0.4
6*+1
in the present example. Equation (3.31) represents two
curves intersecting at a stationary state given by
a;=0.947 and 6, =0 which is seen to be an unstable node
from the preceding stability analysis. Thus, inside the
above orbit, the repulsion of solitons occurs due to topo-

[(@—1)*=0.197](1+1)=— , (3.31)

2.0
1.5} N\ _
< 1.0 D C
0.5r A
> >
' 1 1 '} 1 1 1
-10 -5 0 5 10

FIG. 5. Asin Fig. 3 except A=+1.0.
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FIG. 6. Asin Fig. 3 except A=+1.0and T'=—1.0.

graphic effect.

(d) A=+1, T' <4y. In the parameter range I <4y,
there exist no stationary amplitudes. The figure corre-
sponding to Fig. 5 is drawn in Fig. 6 for the values of
I'=—1.0and ¥y =0.05.

The properties of the orbits of solitons are similar to
those of case (b). When solitons enter from the right,
they always pass through topography. The net effect is a
phase shift given by (3.29).

E. Effect of small dissipation

In the analysis developed so far, the effect of dissipa-
tion has been neglected. In real physical phenomena,
however, there exist many situations where the dissipa-
tion would play an important role. For instance, in the
description of log internal waves in the stratified lower at-
mosphere, turbulent dissipation would become significant
[24]. In order to elucidate the effect of dissipation on the
dynamics of algebraic solitons in addition to topographic
effect, we consider the following model equation:

u,+Tu,—4uu,—Hu, =yB,‘+pu,, , (3.32)

where u is a small positive parameter which measures the
magnitude of dissipation. When ¥ =0, Eq. (3.32) reduces
to the so-called BO-Burgers equation introduced in
[24,25].

While Eq. (3.32) can be used to investigate various
problems associated with it, we shall focus our attention
here on the study of the dynamics of an algebraic soliton
under the action of small dissipation. For this purpose, it
is appropriate to employ the soliton perturbation theory
developed previously.

If we introduce again the profile of the bottom topog-
raphy given by (3.3), the perturbation equations for the
amplitude and position of the soliton are now written as
follows:
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8Ay i—i—l £
da a b 3
gt—— ) ) 772 Ma”, (3.33a)
2
___+__
[§+ a b
2
e
idté=r—a+4kj’ >z - (3.33b)
1,1
2+ =+
§ a b

When compared to the corresponding equations (3.15) in
the absence of dissipation, the dissipative effect appears
only in the amplitude equation (3.33a). Owing to the dis-
sipative term ua 3 however, the dynamics of the soliton
are found to exhibit a variety of phenomena that have
never been observed in the absence of dissipation. Here
we shall first seek stationary solutions of Egs. (3.33) and
subsequently examine their stability against small pertur-
bations.

1. Stationary solution

It now follows from the equations da, /dt =d &, /dt =0
that the amplitude and position of the soliton corre-
sponding to the stationary state are obtained by solving
the nonlinear algebraic equations

(I'—a,)*+(ua
I'—a;+sgn(I"—a; )\/(F—as 2+ (ua,)?

? 2Ay

(a,+1)?

b

(3.34a)

£=—r(a,+1)
pa;

X[T—a,—sgn(I'—ay )\/(I‘—as 2+ (ua,)?] ,

(3.34b)

where we have put b =1. When p tends to zero, these ex-
pressions reduce to Egs. (3.20).

It is evident that the characteristics of stationary states
given by (3.34) depend on the parameters I, ¥, and u.
We shall particularly devote our attention to elucidating
the effect of p while fixing I and y to typical values. A
plot of the stationary amplitude a; as a function of u is
shown in Fig. 7 for the values of the parameters I'=1.0
and Y =0.05 where Newton’s method has been used to
solve Eq. (3.34a). Also the corresponding plot of the sta-
tionary position & is given in Fig. 8 for the same parame-
ter values.

The branch O AB in the figures represents the station-
ary states for A=—1 whereas the branch OA'B’ corre-
sponds to those for A=+1. In the case of A= —1, one
can see from Fig. 7 that for the range of the parameter
0<pu <0.025, there is only one stationary amplitude for a
given p. If p exceeds the value 0.025, a new amplitude
appears and hence we find a total of two stationary am-
plitudes. This happens until u reaches a value u=0.0314
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FIG. 7. Plot of the stationary amplitude a, as a function of u
for the values of the parameters I'=1.0 and ¥ =0.05. Branch
OAB (OA'B’) corresponds to the amplitude for
A=—1(A==1). The solid (broken) curves represent stable (un-
stable) states.

which corresponds to point A4 in the figure. Further-
more, if u exceeds point A4, no stationary amplitudes are
found to exist. This last phenomenon is easily under-
stood from the physical point of view. Indeed, when the
magnitude of u exceeds a certain critical value
(£=0.0314 in the present example), the dissipative effect
becomes dominant and hence it suppresses both non-
linear and topographic effects. Consequently, the ampli-
tude of the soliton decreases indefinitely without ap-
proaching any stationary value. The similar explanation
is given to the case A=+1 where the value of u corre-
sponding to the point A4’ is 0.0338.

FIG. 8. Plot of the stationary position £ as a function of u
for the same parameter values as those used in Fig. 7.
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2. Linear stability

In order to study the stability of the stationary solu-
tions obtained above, we have performed the linear stabil-
ity analysis. Applying the same procedure as that used
for the system of equations (3.15), we have arrived at the
following conclusion.

For A=—1, the solutions on branch AB are stable,
representing stable focuses because in this case the corre-
sponding two eigenvalues are found to be a complex con-
jugate with a negative real part. On the other hand, the
solutions on branch O 4 become unstable with one of the
two eigenvalues being real and positive and hence these
may be termed unstable nodes. For A=+ 1, the solutions
on the branch A’'B’ become unstable nodes whereas
those on the branch O A’ are seen to be stable focuses.

IV. SUMMARY AND OUTLOOK

In this paper, we have studied the interaction of an
algebraic soliton with localized bottom topography on
the basis of the fBO equation which is derived from a
simple two-layer fluid system by means of an asymptotic
approach. Under appropriate scaling hypothesis, the to-
pographic effect is shown to become a small perturbation
to the BO equation. This enables us to apply a direct sol-
iton perturbation theory to the system under considera-
tion.

In spite of the introduction of a simple profile of the
bottom topography, the present analysis exhibits a
variety of phenomena. In particular, the prediction of
the capture and repulsion of a soliton by topography is
interesting because of the possibility of their appearance
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in lower atmospheric systems, for instance where a
mountain may be modeled by a localized topography.
We have also found that the above phenomena are closely
related to the stability characteristic of the system while
employing the linear stability analysis.

Although the dynamical system describing the change
of the amplitude and position of the soliton is shown to
be completely integrable, an additional of small dissipa-
tion alters drastically the properties of solutions. In fact,
for a certain range of the dissipation parameter, we have
found the two types of stationary states for each bottom
topography in which one is stable and another is unstable
against small perturbation.

In conclusion, we shall point out that in comparison
with a large number of works concerning the fKdV equa-
tion, there is a dearth of study devoted to the fBO equa-
tion. Indeed, many subjects are left for future studies.
Among them, of practical importance is to examine
whether disturbances generated in the vicinity of topog-
raphy can propagate far upstream under the condition
that the basic flow is near resonance, i.e., when the
Froude number is nearly unity. This problem may be
resolved by integrating Eq. (3.2) numerically with zero in-
itial condition u#(x,0)=0. In the analysis developed in
this paper, we have addressed ourselves to soliton solu-
tions. As is well known, however, the BO equation ex-
hibits an exact periodic solution expressed in terms of tri-
gonometric functions [26,27]. The modulation of period-
ic wave train due to external forcing is an interesting
problem that may be analyzed by a procedure similar to
that used for the corresponding problem within the
framework of the fKdV equation [6,28].
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